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Abstract

Under distribution shifts, deep networks
exhibit a surprising phenomenon: in-
distribution (ID) versus out-of-distribution
(OOD) accuracy is often strongly linearly
correlated across architectures and hyperpa-
rameters, accompanied by the same linear
trend in ID versus OOD agreement between
the predictions of any pair of such indepen-
dently trained networks. The latter phe-
nomenon called “agreement-on-the-line” en-
ables precise unlabeled OOD performance es-
timation of models. In this work, we discover
that agreement-on-the-line emerges even in
linear classifiers over Gaussian class condi-
tional distributions. We provide theoretical
guarantees for this phenomenon in classifiers
optimized via randomly initialized gradient
descent, approximated by linear interpola-
tions between random vectors and the Bayes-
optimal classifier. Next, we prove a lower
bound on the residual of the correlation be-
tween ID versus OOD agreement that grows
proportionally with the residual of accuracy.
Real-world experiments on CIFAR10C shifts,
validate our findings and the broader rele-
vance of our theoretical framework.

1 INTRODUCTION

A long standing challenge with deep neural networks
is their tendency to perform unreliably under distri-
bution shifts. Surprisingly, a substantial collection
of recent works show that the model performance
of neural networks on natural image and language
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shifts tends to degrade in a highly predictable fash-
ion (Miller et al., 2021, 2020; Shankar et al., 2020).
In particular, many real-world benchmarks observe
a phenomenon called “accuracy-on-the-line” (Miller
et al., 2021) where the in-distribution (ID) and out-
of-distribution (OOD) classification accuracies of deep
networks are strongly linearly correlated across archi-
tectures and hyperparameters, as measured by the co-
efficient of determination (R?).

Following this observation, Baek et al. (2022) discov-
ered a coupled phenomenon called “agreement-on-the-
line” — in circumstances where a set of deep net-
works observe strong correlation in ID versus OOD
accuracy, the agreement (the rate at which the pre-
dictions of two models agree) between these models is
also strongly linearly correlated ID versus OOD with
the same slope and bias. On the other hand, when
the linear correlation of accuracy is weak, the linear
correlation of agreement is also weak!. Accuracy-
on-the-line and agreement-on-the-line together pro-
vide a neat paradigm for OOD performance estima-
tion without any labeled data. When accuracy-on-
the-line holds, OOD performance is a univariate func-
tion of ID performance alone, independent of any algo-
rithmic choices made during neural network training.
Agreement-on-the-line is useful in data constrained
regimes because agreement is a not a label-dependent
quantity. First, without any OOD labels, one can
verify if accuracy-on-the-line holds by checking for
agreement-on-the-line. Second, since the linear fit of
these trends match, one can simply transform ID ac-
curacies by the slope and bias of agreement-on-the-line
to get a close estimate of OOD accuracies.

While these phenomena have immediate practical
value, the current literature lacks theory that ex-
plains why agreement-on-the-line occurs jointly with

L«Agreement-on-the-line” often refers to the strongly
and weakly correlated cases jointly. However, we will use
this term to only refer to the prior case when ID versus
OOD agreement is strongly correl ated with the same slope
and bias as accuracy-on-the-line.
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accuracy-on-the-line. Understanding this question is
critical to guarantee when agreement-on-the-line pro-
vides accurate estimates of OOD performances in prac-
tice. Although several works provide theoretical guar-
antees for the accuracy-on-the-line phenomenon (LeJe-
une et al., 2024; Mania and Sra, 2020), existing anal-
yses of agreement-on-the-line has been limited to set-
tings where the ID versus OOD trends of accuracy
and agreement do not match in both slope and inter-
cept (Lee et al., 2023). Further complicating theoreti-
cal analyses, previous empirical findings had suggested
that agreement-on-the-line is a phenomenon specific to
deep networks and not simpler model families, e.g. lin-
ear classifiers (Baek et al., 2022).

In this work, we establish formal guarantees for
agreement-on-the-line in a simple setting of high-
dimensional linear classifiers and Gaussian class con-
ditional distributions. In particular, we analyze sets of
linear models formed by taking convex combinations
of random vectors and the optimal Bayes classifier — a
construct we call the convex collection. Surprisingly,
both convex collections and sets of linear models opti-
mized by randomly initialized gradient descent exhibit
agreement-on-the-line and accuracy-on-the-line under
our data setup. Moreover, our theoretical findings
closely predict when agreement-on-the-line emerges in
deep neural networks on real benchmarks. A detailed
summary of our contributions is outlined below.

e In §4, we characterize conditions under which
agreement-on-the-line occurs in convex collec-
tions. We formalize the measure called the sim-
ilarity score between pairs of models, and char-
acterize the range of similarity scores where ID
versus OOD agreement is strongly correlated with
matching linear trend as accuracy-on-the-line. We
prove when model pairs in the convex collection
fall in this “strong region”, depending on the de-
gree of distribution shift, learnability of the ID
task, and the eigenvalue decay rate of the class-
conditioned covariance matrices.

e In §5, we prove a lower bound on the absolute
residual of agreement-on-the-line trend that grows
proportionally to that of the accuracy-on-the-line
trend. This guarantees the absence of the false
positive event where agreement-on-the-line occurs
but accuracy-on-the-line does not.

e In §6, we validate our findings from §4 and §5 on
CIFARI10C (Hendrycks and Dietterich, 2019) in
deep networks and CLIP (Radford et al., 2021).
Our conclusions in linear models well characterize
when agreement-on-the-line occurs in deep net-
works if we measure how the shift is encoded in
the penultimate representation space.
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Figure 1: Convex and trained collections Both
convex (Left) and SGD trained (Right) model collec-
tions observe accuracy-on-the-line and agreement-on-
the-line under scale shifts, where the class-conditioned
covariance matrix shifts from ¥ =1/2- I — I.

2 RELATED WORKS

Accuracy-on-the-Line Accuracy-on-the-line is a
widely occurring phenomenon in deep networks across
distribution shift benchmarks such as regional and
temporal shifts in the WILDS dataset (Koh et al.,
2021), corrupted ImageNet and CIFAR10 (Hendrycks
and Dietterich, 2019), dataset reproductions of Ima-
geNet and MNIST (Recht et al., 2019; Shankar et al.,
2020; Yadav and Bottou, 2019), NLP tasks such as text
classification and question-answering (Miller et al.,
2020; Awadalla et al., 2022), and Kaggle competition
train-test splits (Roelofs et al., 2019). This strong ID
versus OOD correlation in accuracy has been shown to
hold across models of various architectures, hyperpa-
rameters, and training duration (Miller et al., 2021).

Several works have tried to uncover the theoretical un-
derpinnings of accuracy-on-the-line. Mania and Sra
(2020) observe the phenomenona under assumptions
on how models learn: the set of in-distribution exam-
ples where weaker models predict correctly must not
overlap with examples that stronger models predict
incorrectly. Similar to our work, others have studied
the problem in linear models and Gaussian data. In
particular, we study distribution shifts over symmet-
ric Gaussian class-conditional distributions and binary
class labels Miller et al. (2021). They showed that
for only under distribution shifts that simply scale the
norm of the class mean or covariance by a constant fac-
tor, any arbitrary collection of linear classifier would
observe perfect accuracy-on-the-line with R? = 1. For
shifts that further change the direction or shape of
the class mean or the covariance matrix, accuracy-on-
the-line occurs under specific asymptotic conditions
in the limit of the data dimensions (Miller et al.,
2021; LeJeune et al., 2024). In our work, we show
that agreement-on-the-line requires additional condi-
tions beyond those required for accuracy-on-the-line.
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Agreement-on-the-line Baek et al. (2022) ob-
served that under tasks where accuracy-on-the-line
holds, a similar phenomenon also holds for the agree-
ment between pairs of neural network classifiers: the
ID versus OOD agreement between the predictions of
any two pairs of neural network classifiers also observes
a strong linear correlation with the same slope and bias
as the linear fit of accuracy-on-the-line. Of particular
relevance to our work, Saxena et al. (2024) recently dis-
covered that even collections of linear classifiers fine-
tuned on top of frozen neural network embeddings can
observe on-the-line trends.

Previously, Lee et al. (2023) analyzed agreement-on-
the-line in 2-layer deep linear networks for the mean
squared error analogues of accuracy and agreement.
Similar to our work, they prove that models trained
from randomly initialized weights exhibit agreement-
on-the-line. However, they were only able to observe
matching slopes and not matching intercepts between
the linear fit of accuracy and agreement. In our work,
we return to the classification setting in linear models
and evaluate accuracy by 0 — 1 loss, consistent with
previous empirical findings (Miller et al., 2021; Baek
et al., 2022). We prove conditions under which the ac-
curacy and agreement linear trends match perfectly.

3 PRELIMINARIES

3.1 Notations

We use bolded lower case letters x for vectors, un-
bolded lower case letters x for scalars, and capital let-
ters A for matrices. w will be used to refer to the
weights of a generic linear classifier. Bolded w; refers
to the ith classifier in some model collection {w;}} .
Unbolded w;; stands for the jth entry in model w;.

3.2 Data

Consider a simple binary classification problem where
the examples of each class are normally distributed.
First, the class label y is uniform over {—1, 1} on both
the original distribution D and the shifted distribu-
tion D’. Next, conditioned on y, the data € R? is
normally distributed i.e.

x|y~ N(yp; o’ Saxa).

Without loss of generality, we fix g = d~"/?1 and 0 =
1/2 in all our experiments. The shifted distribution
D’ can change as follows:

Mean Shift: p' = ap + BA,

Covariance Scale Shift: ¢’ = yo subject to v > 0

Covariance Shape Shift: £/ =34 Ag

where «, 8 > 0 are fixed scalars and A, € R? where
ALl =1 and (u, Ay) = 0.

Decay Rate of Covariance Matrix’s Eigenvalues
As we will observe, whether accuracy-on-the-line and
agreement-on-the-line holds depends on the shape of
the covariance matrix. We study different covariance
matrix shapes of the form

_d
Zgﬂ k=

where N is a normalization constant and « > 0 con-

trols the decay rate of the eigenvalues of the covariance
matrix. We refer to any covariance matrix with a > 0
as “fast-decaying”.

d
k=1

$7% = N - diag ([k‘“] ) where N = (1)

3.3 Model Collection

We consider linear classifiers f(xz) = (w,x) without
bias. Accuracy-on-the-line and agreement-on-the-line
is a phenomena that occurs for an collection of trained
classifiers. In our study, we will simulate “trained”
classifiers as linear combinations of the Bayes opti-

mal classifier w* = Zflu/HE’l;LH and randomly
initialized weights € uniformly sampled from the set
W = {z | z € S (w*,x) = 0}. Specifically, con-
sider the hypothesis distribution w; ~ H, where

w; = a& + be (2)

B DR

and a® 4+ b% = 1 for a,b € [0,1]. Roughly, H,p sim-
ulates the distribution of linear models trained from
random initialization for finite gradients steps. Mod-
els with a range of ID accuracies can be collected by
sampling models from #, ; induced by every value a,
reaching the Bayes optimal classifier w* when a = 1.
By slightly abusing the term “convex”, we call such
collections of models the convex collection. In the next
paragraph, we discuss in detail the relationship be-
tween convex models and trained models.

Connection to Trained Models We note several
similarities and differences between convex models and
logistic models optimized by randomly initialized gra-
dient descent. First, in our data setting with symmet-
ric Gaussian class-conditioned distributions, the ex-
pected risk minimizer of logistic regression is equal to
the optimal Bayes classifier (Bishop and Nasrabadi,
2006). Thus, in the data limit, the start and end
points of the optimization trajectory is the same be-
tween trained models and convex models. However,
while convex models follow a strict linear trajectory
from random initialization to the optimal Bayes clas-
sifier, the training trajectory of any logistic classifier
is noisy and gradient flow is not generally linear. Sec-
ond, our model assumptions loosely resemble those of
LeJeune et al. (2024). Notably, they similarly study
accuracy-on-the-line in linear combinations of random
vectors and the optimal classifier w = X(aw* + be)
where € ~ N(0,I). They provably show that in the
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proportional asymptotic regime, the regularized em-
pirical risk minimizer follows this form under certain
data assumptions. Finally, we provide empirical evi-
dence that the convex collection achieves the same ID
versus OOD accuracy and agreement trends as trained
logistic models, as shown in Figure 1, 2, 2a, 2b. Thus,
we argue that the convex collection can sufficiently
characterize the behavior of trained models for our
purpose of studying agreement-on-the-line.

3.4 Expected Accuracy and Agreement

We are interested in two quantities: accuracy and
agreement. Accuracy measures the rate at which a
model’s prediction agrees with the ground truth la-
bel, whereas agreement measures the rate at which
the predictions of two models agree. Formally, given a
distribution D over (x,y) input-label pairs and a pair

of models f; and f; that map from R? — {—1,1}, the
expected accuracy and agreement is defined as

Accp (fi) = Eoy~p [L{fi(2) = y}], 3)
Agrp (fi, i) = Bay~n [L{fi(2) = fi(2)}],  (4)

Over our binary Gaussian mixture, for any pair of lin-
ear models w; and w;, these quantities simplify to

Accp (w;) = Prey~p (y cw x> 0) =d(z;) (5)
Agrp, (wi, w;) = Pro~p ((sza:) S(w]x) > 0)

= Pry~ (wZT:L’ > O,vaa: > 0)
AT ST ()
+ Prz~p (wle < O,wJTm < 0)
= BvN (—zi, —z;; p) + BVN (@i, 253 p)

T T
w; K w; K
where z; = L T; =
Co|[BV 2w T o [|B 2y

p= SC (El/zwi, 21/2’11)]')

and Sc(u,v) = (¥/||lu|,¥/|v|). Notably, accuracy can
be expressed as the standard univariate Gaussian CDF
®(-), whereas agreement is equal to the sum of two
standard bivariate Gaussian CDF’s BvN(-):

BvN (a, b; p) = Pr <N (0’ B ﬂ) = {ZD
s [ e[ () asay

These derivation follow directly from the fact that
under the class-conditioned distribution z | y, w! z is

g

also normally distributed N (yw! p, o?w! Sw;) due to
the linear transformation property.

3.5 Probit Transform

To observe a better linear trend in ID versus OOD ac-
curacy and agreement, it is common practice to first

transform the statistics by the probit scale, i.e., the in-
verse CDF of the standard univariate Gaussian ()
(Miller et al., 2021; Baek et al., 2022). In our paper,
we similarly study linear trends after probit scaling.

3.6 Accuracy and Agreement on the Line

We formally describe the two phenomena:

Accuracy-on-the-line refers to when the the probit-
scaled OOD accuracy is strongly linearly correlated
with the probit-scaled ID accuracy across a set of n
models. Specifically, Vi € [n],

&' (Accps (wi)) =m-d ' (Acep (w;)) +b

Previous empirical work fit the slope and bias via
least squares over the collection of trained classifiers.
In this work, we simply define the linear fit as the line
connecting the ID versus OOD accuracy of the optimal
Bayes classifier and random classifiers in Ho ;. Then
the slope and bias of accuracy-on-the-line is

Slope(m) =

&' (Acep (w*)) — By, [27 (Acep (w))]
=1 (Acep (w*)) — B, [0 (Acep (w))]
Bias(b) == E, , [(I>_1 (Acepr ('w))} — (7)

m - By [’171 (Acep (w))]

Note that the quantities Eyy, , [ (Acep (w))] and

Ep,, [27! (Acep (w))] over all random initializations
€ ~ W are exactly equal to 0 in our binary classi-
fication setting. In short, the expected accuracy of
random classifiers is 50% and ®~! (0.5) = 0. Further-
more, this means that the linear trend is defined only
by the slope, which is the ratio between the perfor-
mance ID and OOD of the Bayes optimal classifier.

The correlation strength of accuracy-on-the-line is
measured by the magnitude of the absolute residual
away from the line. For any classifier w; € H, the
accuracy-on-the-line absolute residual is

Race(w;) = |'1>71 (Accps (w;)) —m-®~ ' (Acep (w))]

Agreement-on-the-line is a coupled phenomenon com-
prised of two parts. First, when accuracy-on-the-line
is strong, meaning the accuracy residual is negligible,
the ID versus OOD agreement must also be strongly
linearly correlated with the same slope and bias. Sec-
ond, when accuracy-on-the-line holds weakly, meaning
the residual Racc is large, the residual of ID versus
OOD agreement must also be weak, such that there is
no false positive event where agreement over-promises
accuracy-on-the-line. To capture both of these qual-
ities, we measure the absolute residual of ID versus
OOD agreement of any pair of models w;, w; ~ H
away from the linear fit as defined by the slope of
accuracy-on-the-line:

RAgr (wia ’Z.U]') =

@7 (Agrps (wi,w))) —m- 7" (Agrp (wi, w;))|

We will also denote the signed residual without the
absolute value as Racc(), Rag(*)-
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Figure 2: Strong region of (z1,x2,p) For a fixed z; € [0.0,2.0], we shade the region of all (21,2, p) triplets
where for a scale shift m, agreement-on-the-line holds with Rag, < 0.05. This region is larger for smaller scale
shifts (m > 0.6). In green and red points, we plot the similarity scores between pairs of trained and convex
models, respectively. In dashed line, we plot the expected similarity score from Equation 16. When (a) ¥ = I,
similarity scores concentrate inside the strong region, while (b) it varies wildly for fast-decaying covariance

matrices.

4 AGREEMENT-ON-THE-LINE
UNDER SCALE SHIFTS

In this section, we formalize the set of conditions un-
der which the first part of agreement-on-the-line holds,
i.e., strong linear correlation with matching slopes
and bias, under conditions where accuracy-on-the-line
observes a perfect linear trend. Miller et al. (2021)
showed that under distribution shifts D — D’ that
simply change the scale of the mean p' = ap or co-
variance ¢’ = yo, the ID versus OOD accuracy of any
classifier w € R? lies exactly on the following line:

T 1 T T
& (Accp —__wer _o WH 8
(Aeenr () = Csiaw] = 5 o5z &

;@7 (Acep (w))  (9)

= &' (Accp (w)) =

We now ask: under simple scale shifts, when do
we observe agreement-on-the-line with the same slope
m = «/v? Does agreement-on-the-line impose any ad-
ditional data and model conditions?

4.1 Numerical Computation of the
Agreement Residual

While the probit-scaled accuracy can be written in
closed-form, such as in Equation 8, quantifying probit-
scaled agreement is difficult. From Equation 5, we
know that under scale shifts m = «/~, agreement for

any two classifiers wy, ws is equal to

Agrp (w1, ws) = b(z1, 72, p)
Agrpy (w1, wz) = b(ma1, mas, p)
where b(a,b,c) = BvN (a,b;c) + BvN (—a, —b; ¢)

Specifically, ID and OOD agreement is a function
of three variables: the probit-scaled ID accuracies of
the two models z; = &' (Accp (w;))) and z; =
®~1 (Acep (wj))), and

p=Sc (Zl/Qwi, El/Qw]) (10)
which is the cosine similarity between the classifiers
projected onto the covariance. We refer to p as the
stmalarity score since it roughly captures how “similar”
two models are inside the span of the data. Note that p
is fixed between Agrp and Agrp, since the covariance
matrix is fixed ¥ = ¥’. To emphasize this simplifica-
tion to three variables, we will often refer to ID and
OOD agreement as b(x1,x2, p) and b(mzy, mze, p), re-
spectively, where b(-, -, p) is the sum of two standard
bivariate normal CDFs BvN (-, -; p), one with negated
limits of the other.

Finally, we may rewrite the agreement residual as

RAgr (wl 5 ’LUQ)

= |7 (b(ma1, ma2, p)) — m® " (b(x1,72,p))|  (11)
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Figure 3: Agreement on the line under different levels
of scale shift, where m = ¢’/o and covariance shapes
Y =3, as defined in §3.2

In the following subsections, we aim to characterize
the range of (x1,x9,p) tuples where this residual is
small for arbitrary pairs of classifiers.

However, unlike probit-scaled accuracy, the probit-
scaled agreement does not simplify to a closed-
form expression — the probit (inverse of the uni-
variate CDF) is unable to directly simplify bi-
variate CDFs in a similar fashion as univari-
ate CDFs.  We instead use the SciPy module
(scipy.stats.multivariate normal.cdf) to calcu-
late BvN(+) by numerical integration (Genz, 1992). We
then compose its output with the SciPy implementa-
tion of the probit (scipy.stats.norm.ppf).

4.2 Similarity Score Region where
Agreement-on-the-Line Holds

We use fine-grained grid search to find the region of
triplets (x1,22,p) € S where agreement-on-the-line
holds with small residual Rag, (Eq. 11) < 0.05. We
call this region of triplets the “strong region”—any
pair of models that satisfy the accuracy and similarity
score constraints would demonstrate strong accuracy
and agreement-on-the-line. Specifically, for scale shifts
m € [0.2,0.4,0.6,0.8,0.9], we search over 1.) probit-
scaled ID accuracies z1,z2 € [0,2] and 2.) similarities
p€[-1,1].

In Figure 2, we shade in the strong region for dif-
ferent degrees of scale shift m. Under scale shifts,

while accuracy-on-the-line holds perfectly for arbitrary
sets of classifiers, agreement-on-the-line holds for a re-
stricted set of models. While for small distribution
shifts (m > 0.8), the residual is small for a fairly wide
range of similarity scores p, this range 1.) narrows and
2.) shifts toward 0 as the distribution shift gets larger
(m — 0). Indeed, for large scale shift m = 0.2, convex
collections do not observe agreement-on-the-line be-
cause similarity scores of model pairs fall outside the
narrow strong region (Figure 3).

In the next result, we manually fit a polynomial around
the strong region to formalize these observations.

Numerical Result 4.1 For any two classifiers wq
and we with probit scaled ID accuracies x1,x2 € [0,2],
under any scale shift m = «/~ € [0.2,0.9], if the simi-
larity score p is within

0.3z122(v/m — 0.2) &+ §(x1, T2, m) (12)

where §(x1, 29, m) = 0.1m — 0.1m?(1 — z1)(1 — z2) +
0.5m3, then R pgr(wr, w2) < 0.05.

Roughly, the strong region is characterized by the in-
terval f(z1, 22, m)+0 where f is bilinear with respect
to x1 and x3. Consistent with our empirical findings,
0 grows smaller for larger distribution shifts m — 0.
Moreover, the slope of f is 0.3(y/m—0.2) < 1, shifting
closer to 0 as m — 0. For interested readers, we pro-
vide a more exact closed-form approximation of the
optimal similarity score function p*(x1,xs, m) where
RAgr(wh’LUg) =0in §A1

Overall, we see that agreement-on-the-line requires the
distribution of similarity scores between pairs of mod-
els be concentrated and sufficiently small, especially
for larger scale shifts. In the next section, we will
analyze how these properties connect to why convex
collections observe agreement-on-the-line.

4.3 Convex Collection Lies in Strong Region

From the previous section, we learned that given any
two models with probit-scaled ID accuracies z; and
Zo, there is a specific range of similarity scores where
agreement-on-the-line holds, and this range narrows
for larger scale shifts. Furthermore, we observed
that this region is well characterized by the interval
f(x1,22,p) £ 6 where f grows bilinearly in 27 and 5.
The bilinear approximation will become important in
this section, where we analyze if models in the convex
collection falls within the strong region.

In Figure 2, we sample a convex collection of models
with coefficients a,b ~ U[0,1] and visualize the simi-
larity score of model pairs. Surprisingly, as shown in
green dots, we observe that 1.) the similarity scores
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tend to lie within the strong region for most scale
shifts, i.e., m € {0.4,0.6,0.8,0.9}, when ¥ = I500,
but 2.) when the covariance matrix is fast-decaying
(e.g., X2 01), we observe a higher variance in similar-
ity scores, causing similarity scores to fall out of the
strong region. We corroborate our results in gradient
descent trained models. Interestingly, the similarity
score between trained classifiers follow the same dis-
tribution of similarity scores as our convex collection.
In §A.1, we plot the strong region for each value of m
as separate figures for better visualization.

In the remainder of this section, we theoretically
show why the distribution of similarity scores of mod-
els pairs sampled from the convex collections closely
track the bilinear approximation of the strong region
f(z1, 2, p) £ 6 (Equation 4.1).

Expected similarity score We first show that the
expected similarity score of the convex collection is
bilinear over Gaussians with isotropic covariance ma-
trices ¥,%" = I. Given two classifiers wq ~ Hg, p, and
wa ~ Ha, by, their expected similarity score is

w1 wo
p= , (13)
<|Iw1| ||w2||>

= ayas ||plly? () + biba(er, €2) (14)
= a1a2 +b1b2<€1,€2> (15)

= Euy o, [0 = a1a2 = (|p]| /o) 2122 (16)

Note that the (u,€;) terms disappear since any ran-
dom initialization is orthogonal to the Bayes op-
timal classifier by construction. Also, we rewrite
the expected similarity with respect to the probit-
scaled ID accuracies, which are equal to z; =
o w| ™ (w, w) = o ta; ||p|| under ¥, % = I. Fur-
ther, note that ||| /o is equal to the probit-scaled
accuracy of the Bayes optimal classifier. This lends us
the following result.

Proposition 4.2 Under scale shifts m = af/y <
1 with isotropic class-conditional Gaussians (i.e.
X, ¥ =1), if the optimal classifier achieves

d~1 (Accp (w*)) = 1.82(y/m — 0.2)~ /2

then for two classifiers wi ~ Hay b, and wa ~ Hay by,
Euwy w, [p] s equal to the bilinear approzimation of the
strong region f(x1,x2,p) from Eq. 16.

Variance of Simility Score Furthermore, we note
that as the data dimension grows, the agreement be-
tween any two classifiers wy ~ He, p, and wa ~ He, b,
concentrates at E,, ., [p]. From Equation 15, note
that the variance of p is

VarWth (p) = b%ng [<61a€2>2] . (17)

Using a standard concentration bound on a sphere, we
show that with high probability, €; and €5 are close to
orthogonal in high dimensions. Note that the set W
where € is sampled from is simply d — 1 dimensional
sphere embedded in d dimensional space. Using the
following concentration bound for a fixed unit vector
v: Pr(|(v,€)| > z) < 2exp (—(d —1)z%/2) (Ball et al.
(1997), Lemma 2.1), we prove the following proposi-
tion. See Appendix A.1 for proof.

Proposition 4.3 Under the data assumptions in §3.2
and ¥ = I, with probability at least 1 -0, the similarity
score between classifiers wy ~ He, b, and wa ~ Hay b,
falls within

p € aras £ bibyy/2(d —1)~log (2/6)  (18)

Note that the bound grows inversely with v/d, and as
d — 1, p diverges away from its expected value.

4.4 Practical Takeaways

Optimal Classifier Performance Proposition 4.2
suggests that for agreement-on-the-line to have match-
ing slope as accuracy-on-the-line, the w* used to con-
struct the convex collection must achieve high ID per-
formance (for scale, note that @1 (97.7%) = 2), espe-
cially for larger shifts m < 1. For a more performant
w*, a model does not have to stray less away from
the random initialization to achieve some 2% accuracy.
Thus, pairs of models with fixed ID accuracies z1, zo
are less similar, and we saw that low p is necessary for
agreement-on-the-line in Equation 12. We also note
that this reflects empirical findings in Figure 1 of Baek
et al. (2022). In benchmarks where agreement-on-the-
line appears in deep networks, the best ID model either
achieves > 0.9% ID accuracy (e.g., CIFAR10C) or the
distribution shift is small (e.g., {MoW).

Degree of Distribution Shift Agreement-on-the-
line also depends on the scale of the distribution shift.
As we saw from Figure 2, the strong region narrows
for larger shifts m < 1, causing the similarity score
between pairs of models to fall outside this region.
This is reflected in our approximation of this region
from Equation 4.1 and Figure 6, where we find see the
width of this region § ~ O(m?).

Eigenvalue Decay Rate of Covariance Matrix
Proposition A.1 tells us that agreement is strongly lin-
early correlated in convex collections in high data di-
mension. This has important constraints on the shape
of the covariance matrix. As shown in Figure 2, when
the covariance matrix is fast-decaying or low rank, we
similarly see a large variance in the similarity score.
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5 JOINT OCCURRENCE OF
ON-THE-LINE TRENDS

In this section, we prove the weak-correlation case of
agreement-on-the-line. Recall that agreement-on-the-
line is a two-part empirical phenomenon—either ID
versus OOD accuracy and agreement are both strongly
linearly correlated with matching linear fits, or they
are both weakly linearly correlated with roughly the
same correlation coefficient value R?. In practice, the
correlation of agreement is a useful measure for esti-
mating if accuracy-on-the-line holds without any la-
bels. While it is difficult to show that the R? of accu-
racy and agreement match exactly, we prove a weaker
statement — for any distribution shift, the worst resid-
ual of agreement R, between any two classifiers is
often at least as large as the worst residual of accuracy
Race. This guarantees that there is no false positive
event where agreement-on-the-line holds but accuracy-
on-the-line does not.

Consider a general distribution shift where accuracy-
on-the-line does not hold perfectly. Such distribu-
tion shifts go beyond scale shifts and include direc-
tional changes in class-conditional means and covari-
ances such as p = ap’ + SA or ¥ # ¥'. Under such
cases, we may decompose the signed agreement resid-

ual Rag: (w1, ws) into the following three terms:

f{Agr (wl 5 'LUQ)

= mq>71 (b(‘rhx%p)) - ¢'71 (b(mmlv mraz, p))

scale-shift residual s(wi, w2)

+ @71 (b(m$1, ml'??p)) - <I)71 (b(mxl + 617 mza + 527p))

perturbation residual p(wi, w2)
+ @' (b(mxy + 61, mx2 + 2, p))
ot (b(mml + 61, mxo + d2, p/))

covariance-shift residual c(w1, w2)

where f{ACC(wl) = 01, f{ACC(wg) = ¢, and p/ =
Sc (22w, £"/?w,).  The first term is the scale
shifts residual, the second term is from accuracy-on-
the-line not holding perfectly, and the third term mea-
sures covariance shifts ¥ # X/ leading to p # p'.

We care about the second term, or the perturbation
residual p(wy, ws), and how this function grows with
the accuracy residual 1, 5. Specifically, we show that
within models in a convex collection M = {w;}? ,,
the worst perturbation residual across all pairs of mod-
els, i.e. max; ; [p(w;, wj)|, closely tracks the worst ac-
curacy residual Opay = max; R(w).

5.1 Lower Bound of Perturbation Residual

Given a convex collection M, say that some bad
model wp,q € H with probit scaled ID accuracy

&1 (Accp (w)) = =z achieves the largest accuracy
residual dpnax = argmax R(w). Furthermore, we can
lower bound the largest perturbation residual with the
perturbation residual between wy,q and w*, assuming
that the convex collection samples the optimal classi-
fier by setting a = 1 in Equation 2.

Theorem 5.1 Say the largest residual for accuracy-
on-the-line is achieved by a model wy,q n the set
M = [w;],. In other words, |dpeq| = max; R(w;)
and furthermore, dpaq < 0. Then the worst-case per-
turbation residual is lower bounded by

max |p(wi, w;)| > (19)
i,5€[n]

{@ (m\/xz - x%ad) -9 (—mq/wz — 37%@)] |8bad

where z. = ®7' (Accp (W*)), Zpaa = P71 (Accp (Whad)).

See proof in Appendix 5. First, the theorem implies
that the worst perturbation residual grows ®(0pqq)-
Second, when the distribution shift is small m — 1 and
the accuracy gap between w* and wy.q is large, the
worst perturbation residual almost matches the worst
accuracy residual. Notably, in the limit, as z, — oo,
the lower bound of the perturbation residual is exactly
equal to dpaq. This is trivially true since the agreement
rate between predictions and ground truth labels is
precisely accuracy. We also note that /22 — z,, is
often large in practice. Specifically, the state-of-the-
art model is well above 90% on benchmarks while wy,aq
tends to be a poor classifier.

6 EXPLAINING REAL-WORLD
FAILURES

Finally, the conditions we have formalized under our
Gaussian data and linear model setting is strongly tied
to when agreement-on-the-line occurs in practice. Sim-
ilar to Saxena et al. (2024), we train linear models over
the CIFAR-10 representations from OpenCLIP ViT-B-
32 (Ilharco et al., 2021; Dosovitskiy, 2020) pretrained
on LAION-2B (Schuhmann et al., 2022). We observe
accuracy-on-the-line and agreement-on-the-line on the
CIFAR-10C benchmark consisting of 19 synthetic cor-
ruptions of CIFAR-10. While accuracy-on-the-line and
agreement-on-the-line hold with strong linear correla-
tion for most synthetic corruptions, there are 6 notable
failure shifts (e.g., Gaussian Noise, Glass Blur, Shot
Noise) where accuracy-on-the-line occurs but agree-
ment has weaker linear correlation as measured by R>.

Recall that under scale shifts, agreement-on-the-line
may not hold when the covariance matrix is very fast-
decaying inducing high variance in agreement. Sur-
prisingly, when we compute the eigenvalues of the av-
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Figure 4: CLIP Failure Cases (Top) Difference be-
tween R? of ID versus OOD accuracy and agreement
of CLIP linear probes for CIFAR10C shifts. (Bottom)
On-the-line trends on the 6 shifts with largest R? dif-
ference and 3 shifts with smallest R? difference.

erage empirical class covariance

Ny

K
1 1
EClass—Avg - ? Z Z ’I’Liy |:z7’:1,l (Z?)T - H’y“g (20)

y=11i=1

where {z7}Y, are the CLIP representations of the
examples in each class y and p, is the empirical class
mean, we can see a notable divide between how fast
the eigenvalues decay for the failure shifts. Specifically,
failure shifts have covariance matrices with faster de-
caying eigenvalues. Furthermore, the weakest linear
correlation in agreement corresponds to the largest dis-
tribution shifts (i.e., slope of accuracy-on-the-line is
small). These findings directly support our theoretical

CIFAR10C Shifts Eigenvalues

—— Gaussian Noise Zoom Blur
le1 —— Shot Noise Frost
—— Speckle Noise —— Defocus Blur
—— Glass Blur —— Snow
—— Impulse Noise —— Saturate
Jpeg Compression —— Brightness
Pixelate —— Fog
Gaussian Blur —— Contrast
. Elastic Transform —— Motion Blur
~ Spatter —— CIFARLO
le-2
le-3

0 20 40 60 80 100
Eigenvalue Index i

Figure 5: Eigenvalues Eigenvalues of Ycjass-Avg Of
each CIFAR10C shift sorted from largest to smallest
and normalized by their sum. The eigenvalues of bad
shifts (in blue) decay faster than other shifts (in red).

conclusions from §4.4.

7 CONCLUSION

In total, our work demonstrates that agreement-on-
the-line can appear in simple linear models under the
right assumptions on the randomness in the model hy-
potheses distribution, dimension of the data, shape of
the covariance matrix, and the magnitude of the dis-
tribution shift. Our notion of having sufficiently small
model similarity is closely tied to empirical observa-
tions that deep networks make uncorrelated mistakes
(Nakkiran and Bansal, 2020; Jordan, 2024). In prac-
tice, the actual slope and biases of agreement and ac-
curacy often don’t match when the linear correlation
is not strong, which we do not carefully formalize. We
leave this for future work. Overall, we hope that our
work provides new insights about how models behave
under distribution shift and when we may utilize tools
such as agreement-on-the-line.
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A APPENDIX

A.1 SCALE SHIFTS EXTENDED

A.1.1 VARIANCE OF SIMILARITY SCORES

Proposition A.1 Under the data assumptions in §3.2 and ¥ = I, with probability at least 1 — 6, the similarity
score between classifiers wy ~ He,y b, and wa ~ Hey, b, falls within

p € arag £ bibyy/2(d — 1)~Llog (2/6) (21)
Proof Given wy ~ Hg,p, and wy ~ Hg, p, , recall from Equation 17 that
VarWth (p) = b?ng [<€1a 62>2] . (22)

Using a standard concentration bound on a sphere, we show that with high probability, €; and ey are close
to orthogonal in high dimensions. Note that the set VW where € is sampled from is simply d — 1 dimensional
sphere embedded in d dimensional space. Using the following concentration bound for a fixed unit vector wv:
Pr (|(v,€)| > z) < 2exp (—(d — 1)z%/2) (Ball et al. (1997), Lemma 2.1), note that with probability &

Pr (|(€1,€2)| > 2) < 2exp (—(d —1)2*/2) =6 (23)
= 2z =/2(d — 1)~ 1log(2/6) (24)

So with probability at least 1 — 4, p is within the region in Proposition A.1.

A.1.2 CLOSER APPROXIMATION OF SIMILARITY SCORES

In §4, given the ID accuracy of any two classifiers Accp (w1) = a, Accp (w2) = b and their model similarity p, we
used numerical estimation to identify the set of all (a, b, p) pairs where the residual of agreement Rag (w1, ws2) <
0.05. Through numerical simulations, for each degree of scale shift ¢ = «/7, we identify a unique p* € [—1,1]
for each (a,b) pair where Rag (w1, w2) = 0. Within the range a,b € [0,2], we see that p* = f(a,b,c) behaves
as a smooth continuous function. We provide an approximation of f in the following fact we have empirically
verified by grid search. In Fig. 6, we can see that our estimate f tracks f closely for scale shifts ¢ € [0.1,0.9]

Numerical Result A.2 For any two classifiers wy and ws with probit scaled in-distribution accuracies a,b €
[0, 2] respectively, under any scale shift determined by ¢ = /v € [0.2,0.9], if the covariance-projected correlation
p is within R

f(a,b,c) £[0.04 + 0.3(c — 0.15)3]

where f(a, b,c) equals

2
0.61log(c + 0.95)"%* exp <—2ﬁ10g(a + 1) log(b+ 1)log (er_ i) > [log(1 + a®) log(1 + as)]0'4570'22 et , (25)
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Figure 6: For each scale shift ¢ and fixed ID accuracy of the first classifier Accp (w1) = a, we interpolate over
Accp (w2) = b € [0,2] and p € [—1,1] to find all (a,b, p) tuples where Ragy (w1, w2) < 0.05. This set is shaded
in light blue. In solid blue, we plot p* = f(c,a,b). And in dashed blue lines we plot our estimate f(c,a,b) plus
or minus the confidence interval in Fact A.1.
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Figure 7: Full-rank: ¥ = I599. We provided an expanded view of Figure 2a, where we plot the strong region for
each degree of scale shift ¢ in a separate subfigure. In pink points, we plot the model similarity between sampled
pairs of trained classifiers optimized by gradient descent over the ID distribution. In green points, we plot the
model similarity between sampled pairs from the convex ensemble. Note that the model similarities for pairs of
trained classifiers and convex classifiers are similarly distributed, and they are concentrated around the expected
model similarity plotted in red dashed.
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Figure 8: Approximately Low-Rank: ¥ = 25_020 We provided an expanded view of Figure 2b, where we plot the
strong region for each degree of scale shift ¢ in a separate subfigure. In pink points, we plot the model similarity
between sampled pairs of trained classifiers optimized by gradient descent over the ID distribution. In green
points, we plot the model similarity between sampled pairs from the convex ensemble. Note that the model
similarities for pairs of trained classifiers and convex classifiers are similarly distributed, and they vary widely
from the expected model similarity plotted in red dashed.



Theory of Agreement-on-the-Line

A.2 PROOF OF 5.1: LOWER BOUND OF WORST-CASE PERTURBATION RESIDUAL

Note that we can lower bound the magnitude of the perturbation residual by

. 1 . d 4
p(wi, w2) = ‘q) (b(cx1,cx2,p)) — P (b(cxl + 6, ¢z + 5’,p))’ > orgntlgl %q) (b(cm + t4, cxo + t(;”p))’ (26)

where b(z1, 22, p) = BVN (21, z2; p) + BVN (=21, —22; p), 21, 22 are the ID accuracies of w; and ws, respectively,

and p is the model similarity.

The derivative of ® =1 (BvN (cxy + t6, cwa + t8'; p) + BVN (—cxy — t6, —cag — t6'; p)) with respect to t is

%@71 (BVN (cxl + 0, cxo + t6'; p) + BvN (fcml — 5, —cx2 — t8'; p)) = (27)

z

1 o cxa + 8 — pczi + t8) by — —czo — t8' + p(cx1 + td)
2@ (2) {43( +t6)® ( Vi > &( t5)® < = )] 5 (28)

+71 [¢(ca:2 +t6")® (cm 0 — plews + td/)> — ¢(—cx2 — 8D (_le — 0+ plews + t&))} & (29)

(21 (2)) V31— p? V11— p?

We apply the following formulas above:

e Derivative of Inverse Functions Given an invertible function f(x), the derivative of its inverse function
f~1(x) evaluated at © = a is

(30)

e Derivative of BvN (z,y; p) (Drezner and Wesolowsky, 1990) Let ¢ be the standard normal PDF, and
® be the standard normal CDF. Then

0 N y—px 0 Dy z—py
%BVN (z,y; p) = ()P (m> ; @BVN (z,y;p) = H(y)® <m> (31)

The largest perturbation residual between any two classifiers in the convex ensemble is lower bounded by the
perturbation residual between the “worst” model wyp,q as we define in §5 and the optimal Bayes classifier w*
which is the best classifier in our convex ensemble.

Setting w; = wpaq and wy = w* = L1/ HE_llLH, note that in Eq. 27, the variables then equal

_ _ « 1
21 =® ' (Accp (Whaa)), @2 =D " (Accp (w*)) = p (32)
0= RAcc(wbad) = 5maz, 5/ = RAcc(w*) =0 (33)
w* X wpaq 1 Whad
P = S S w5 2wl O = 772 39

Note that ¢’ = 0 by construction. In Eq. 7, we had set the slope of the accuracy linear trend to be

&~ (Accpr (w*)) —Eag, [@7' (Accpr (w))] & (Aceps (w*))

&1 (Accp (w*)) — Eng, [0 1 (Accp (w))] @ * (Accp (w*)) (35)
Thus Race(w*) = [®~! (Accp (w*)) — Slope®~! (Accp (w*))].
By substitution, we can simplify Equation 27 as
_ $(ew1 + tnan) {q) (u —af) - témmm) » <_ c(a3 —af) - tamaxm)] . (36)
5@ (2) JiE—a N

We first upper bound the derivative ¢(®~' (2)). Since ¢ is unimodal centered at 0 and ®~" is monotonically
increasing,

(;S(CI’_I (2)) < ¢p(max{0, ot (2)}) < ¢(max{0, ot (lower bound of z)}) (37)
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*

Lemma A.3 The following lower bound of z holds when wi = Wyeq and wy = w*.

t\/ 5m(lfr
2z =b(cxy + 16, cro + 18, p) > ® (cxy + tdmaz) — P (—cx2) (1 — 29 <x222>> (38)
Ty — I

Proof We know the following relation about the bivariate normal CDF (Abramowitz (1974), Sec. 26.3)
BYN (h, k; p) = ®(h) — ®(—k) + BYN (—h, —k; p) (39)
Thus,
b(cxy + tomaz, T2, p) = P(cx1 + tdmaz) — P(—cx2) + 2BVN (—cx1 — tdmazx, —CT2; p) (40)

Using the following lower bound from Willink (2005),

pk —h
V1= p?

and setting h = cx1 + tdmaz, k = cxe = ¢/o > 0, and p = x1/x2 > 0, presuming x; > 0 meaning the classifier
Whpaq does not have worse than random performance in-distribution, we get

BvN (—h, —k; p) > ®(—k)® ( ) . k>0,p>0 (41)

témai
BN (—cz1 — tdmax, —CT2; p) > P(—cxo)P (_2x22> (42)
Ty — I

t(smammZ
= b(cx1 + tdmaz, cx2, p) > P(cx1 + tomaz) — P(—cxo) | 1 — 2P - (43)

Ly — 27
|

Using Lemma A.3, note that

¢(C$1 + t(sma:v) > ¢(C$1 + té‘max) (44)

o 1) ¢(max {O ot

0 (e 8r) (e (120 (e ) )] )

txzémax) < 0 S ¢(('371+t6maw)
=~ Y,

JoRoat 5@ 1 (=)

When 6,0, < 0, note that Vt € [0,1], 1 — @ > 1. Thus, we may further lower

bound Equation 27 as

Hlexs + thnar) lq) (C(fg —ai) - t‘smaxf‘fl) 9 (f(xg — o) - “’”“““)] S (45)

|

¢ (271 (2)) 7

Ty — 7

> [q» <c . ﬁ) - (c 2 mfﬂ Smas (46)

This completes our proof.
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